SORTING ALGORITHMS
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Sorting
» Fundamental application for computers
« one of the most well-studied operationsin
computer science
 Sorting
—in main memory (small number of items)
— external sorting - disk or tape
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Sorting Techniques

Some of the sorting techniques used to
arrange data areasfollows:

sInsertion
«Selection
*Bubble
oHeap
*Mergesort
*Quicksort
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Insertion Sort

The general idea of the
insertion sort method is
that for each e ement,
find the dot whereit
belongs.
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Example

* Theelement in position Array[0] iscertainly sorted.

* Thus, moveon toinsert the second character, D,
into the appropriate location to maintain the
alphabetical order.

SORTED
Array G D Z F B E
| ndex 0 1 2 3 4 5

UnsoRTED
Array D G Z F B E
| ndex 0

-
N
w
N
ol
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How doesit work?

» Each element Arrayl[j] is taken one at a time
fromj =0ton-1.

» Beforeinsertion of Arrayl[j], the subarray from
Array[0] to Array[j-1] is sorted, and the
remainder of thearray isnot.

o After insertion, Array[0...j] is correctly
ordered, while the subarray with elements
Array[j+1].....Array[n-1] isunsorted.
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I nsertion Sort technique.
SORTED (UNSORTED

Array [ D] G| Z | F] B E|
| ndex 0 T 2 3 4 5

Array D F G VA B E
I ndex 0 1 2 3 4 5
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I nsertion Sort technique.
SORTED -

Array B D F G Z E
| ndex 0

)
Ny
W
IN
ul

Array B D E F G Z
I ndex 0 T

Ny
w
IN
ul
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Insertion Sort Algorithm
fori=1lton-1

temp = ali]

loc=i

while(loc>0 & & (a[loc-1]> temp)
a[loc] = a[loc-1]
loc =loc -1

alloc] =temp
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I nsertion sort

* Theinitial stateisthat thefirst element,
considered by itself, is sorted

» Thefinal stateisthat all elements, considered
asagroup, are sorted.

» Basicactionisto arrangethat elementsin
positions 0 through ‘i’. In each stage ‘i’
increasesby 1. The outer loop controlsthis.
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Insertion sort

* When the body of the outer for loop isentered,
we know that elementsat positions 0 through
‘i’ are sorted and we need to extend thisto
positions0to n-1.

« At each step the element indexed by ‘i’ needsto
be added to the sorted part of thearray. Thisis
done by placing it in atemporary variable and
diding all elementslarger than it one position
totheright.

¢ Then thetemporary element is copied into the
leftmost relocated element. The counter ‘loc’
indicates this position.
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Complexity

e Best situation: the data is already sorted. The

inner loop is never executed, and the outer
loop is executed n — 1 times for total
complexity of O(n).
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Complexity

» Worgt situation: data in reverse order. The
inner loop is executed the maximum number
of times. Thus the complexity of the insertion
sort in thisworst possible case is quadratic or
O(n?).
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Selection Sort

N’ - The general idea of
Q the selection sort
‘/ isthat for each
dot, find the
element that
belongsthere.
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Selection Sort Algorithm

fori=0ton-2
temp = a[i]
loc=1i;
forj=i+lton-1

if aj] <alloc]
loc=]j

a[i] = a[loc]
alloc] =temp
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e Theinner loop in the above algorithm finds
the location of the next smallest element in
the array (the location of the next smallest
element in the array).

¢ Theouter loop movesalong thearray asthe
elementsare sorted.

* What isthe complexity of selection sort?
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MergeSort

« Merging involvesthe combination of two or more
ordered filesinto a single ordered file.

* Example: Mergethetwofiles:
508,703,765 b 087, 503, 512, 677, 703, 765
- 087,512, 677

* Thisissolved by comparing the two smallest items,
output the smallest, and then repeat the process.

Be careful when one of the two files become exhausted!
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Exercise:

* Writea function which mergestwo sorted arrays of
length n (n >0) and m (m >0) respectively.

» Thefunction will have the following for m:

[**Mergesthe sorted subarrays A[p...q] and
Alg+1...r]toform asinglesorted array A[p ... r] */
MERGE (A,p,q.r)

This Algorithm should be of complexity O(n)
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Merge - example

A1 J1a J24 [26 [2 15 [27 [38 | Compare 1 and 2,
of P .t lisaddedtoC,
then compare 13 and 2.
start = g+1;
|1 [13]24]26] [2 [15]27]38]
P‘r qu
fl T T T [ []
i
pos
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Merge - example
A1 [13 [24 26 [2 15 [27 [38 |

t t t
P q r

cl1 [z [13 [15 Joa J26 [27 [38 |

t t

p r
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Merging Two Sequences (cont.)

- Mo prees

® Y
g

—_

R

e
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Ir":"‘-.l X
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o
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Merging Two Sequences (cont.)
« O-@O-@
« @-@-@

a5
s (@@
-8 I'-'iﬁ- Ir'-r'\- }
- L S,
 G-E-@
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Merging Two Sequences (cont.)

" @-®
@@
C GHE-@-®

L

-

-

-0
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Merging Two Sequences (cont.)

[ "'r.:l

 O-O-0-0-0-06

CS210/SE202
Data Structures and Algorithms




Merging Two Sequences (cont.)

"_"-.""' "\-.""'.I: Ii"'. iy
'\-|\____|— 'L:I.-"_'w."' -\.1_-I|—\, = |.
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Divide and Conquer

» DivideTosolvea problem, it is subdivided into sub
problems each of which issimilar to the given
problem.

» Congquer: Each of the sub problemsis solved

independently

Combine: The solutionsto the sub problemsare

combined in order to obtain the solution to the

original problem
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Divide and Conquer

Divide and conquer algorithms are often implemented
using recursion. However not all recursive functionsare
divide and conquer algorithm. Generally, the sub
problems solved by divide and conquer algorithm are

non overlapping

Let’slook at a classical example....
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Towersof Hanoi 1

» Given 3pegsAB,C

» Peg A hasn disks, starting with the largest one on
the bottom and successively smaller oneson top.

* Theobject of the puzzleisto move the disks one at
atime from peg to peg, never placing a larger one
on top of a smaller one, eventually ending with all
the disks on peg B
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Towersof Hanoi 1

Solutionl:
Imaginethe pegsarranged in atriangle.

On odd number ed moves, move the smallest disk one
peg clockwise.

On even numbered moves make the only legal move
not involving the smallest disk.
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Towersof Hanoi 2

Solution2:
Thedivide and conquer technique.

The problem of moving the n smallest disksfrom
A to B can bethought of as consisting of 2 sub
problems of sizen-1
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Towersof Hanoi 2

R
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Towersof Hanoi 2

Sub Problem 1: Get n-1 disks
fromnAtoB
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Towersof Hanoi 2

= 3 |
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Towersof Hanoi 2

Sub Problem 2: Get n-1 disks
fromBto C

A B C

CS210/SE202
Data Structures and Algorithms

Towersof Hanoi 2

¢ Firgt movethen-1 smallest disksfrom A to C
exposing the nth smallest disk on peg A.

¢ Movethat disk from A toB

¢ Then movethen-1 smallest disksfrom C to B

* The movement of the n-1 smallest disksis
accomplished by arecursive application of the
procedure
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Back to MergeSort...

 In aDivide and conquer algorithm

— two half-sized problems ar e solved
recursively

* MergeSort issuch an algorithm
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Merge Sort

Using this Divide and Conquer Strategy:

Divide: Divide the n element sequenceto be sorted into two
sub sequences of n/2 elements each

Conquer: Sort thetwo sub sequencesrecursively using
merge sort

Combine: Merge thetwo sorted sub sequencesto produce
a sorted answer

Note: Therecursion bottoms out when the length of the
sequenceto be sorted is 1.
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Merge-Sort(cont.)
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Merge-Sort (cont.)
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Merge-Sort (cont.)
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M erge-Sort (cont.)
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Merge-Sort (cont.)
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Merge-Sort(cont.)
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Merge-Sort (cont.)

— T

l:_i:- l:l‘_; i ,“I ‘_“}

CS210/SE202
Data Structures and Algorithms

Merge-Sort (cont.)
fiz= = bl
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M ergeSort (cont )
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Mergesort 5,2,4,6,1,3,2,6

1223456€6

RN

25/245(:\G 1123\6
RIS
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M er gesort

* MERGESORT(A,p,r) sortstheelementsin the

subarray A[p..r]

If p>=r, the subarray has at most one element and is

therefore already sorted.

Otherwise the divide step calculates an index q that

partitions A[p...r] into two subarrays containing

[n/2] elementsand A[g+1 ...r] containingLn/2]
elements.

* MERGESORT(A,0,n-1) sortsthearray A of

length n
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MERGESORT (A ,p,r)
{
if the subarray has more than one element then
Divide array into two subarrays
Call MERGESORT on subarray 1
Call MERGESORT on subarray 2
Mergethese SORTED subarrays
}

When an algorithm contains arecursive call toitself its
running time can be described by a recurrence equation
or recurrence.
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MERGESORT(Ap,r)

{ When an algorithm
if (p<r)then containsa recursive
q=L (p+r)/2] . )
MERGESORT(A,p,q) call toitself its

MERGESORT(A.G+1r) | running time can be
MERGE(A,p.q.r) .
} described by a

recurrence eguation
or recurrence
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Merging Two Sequences
= Pycido-code for morging ivwo sorécd soquonoos mio
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Quicksort

» The Quicksort algorithm was developed
by C.A.R. Hoare. It hasthe best average
behaviour in terms of complexity:

Average case: O(n log,n)
Worst case:  O(n?)
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Quicksort

Given alist of elements,
—take a partitioning element
—and createa (sub)list
« such that all elementsto theleft of the
partitioning element arelessthan it,
« and all elementstotheright of it are
greater than it.
— Now repeat this partitioning effort on each
of these two sublist
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Quicksort

* And soonin arecursive manner until all the
sublists are empty, at which point the (total) list
issorted

« Partitioning can be effected simultaneously,
scanning left to right and right to left,
interchanging elementsin the wrong parts of
thelist

» Thepartitioning element isthen placed
between theresultant sublists (which arethen
partitioned in the same manner)
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I mplementation of Quicksort

If anything to be partitioned THEN{
choose a pivot
REPEAT{

scan from left to right until we find an element
> pivot: i pointsto it

scan from right to left until we find an element
< pivot: loc pointsto it

I mplementation of Quicksort()

exchange pivot and loc element

partition from 1% to loc-1th elements
(* i.e. quicksort 1st to locth *)

partition from locth to rth elements
(i.e quicksort locth torth *)
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IF i<loc THEN
exchange pivot and locth element
YUNTIL i >loc

}
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Example

G Y D ?

10

i=0
first=0
loc =10
last =9
pivot =G
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Example
G = A% M S ?
0 1 2 3 4 5| 6 7 8 9 10
i=2
first =0
loc=9
last =9
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Example
i stopsat 4 (a[4] or V>=G), and loc at 8 (a[8] or D <=G).
These values arethen swapped.

Example

i and loc continue to move until i > loc
Thishappenswhen i pointsto M and loc pointsto D

G B C E D M P H Vv S | ?
0 1 2 3 4 5 6 7 8 9 10

G B |C E D M B H \ S | ?

0 1 2 3 4 5 6 7 8 9 10

i=4

first =0
loc=8
last =9
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Now exchanging a[loc] and pivot partitionsa. || = 5§
first =0
loc=4
last =9
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Example

Algorithm for partition(a,first,last,loc)

i =first
loc=last +1
pivot = a[first]
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Recursive Quicksort Algorithm

if first <last then
partition(a,first,last,loc)
quicksort(a,first,loc-1)
quicksort(a,loc+1,last)

The pivot can be any of thearray
elements, such astheleftmost one.
eg.
Pivot = a[first]
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Recursive Quicksort Algorithm

Two indices, i and loc, need to beinitialised to
indicate the outside bounds: first and last+1 ,
respectively of the elementsto be divided into two
collections.
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Recursive Quicksort Algorithm

i =first
loc=last +1

e Although last+1 may be out of bounds for
array a, there is no error because a[last+1] is
never accessed, because loc is decremented first
beforereferencing afloc].

 In the partition procedure, we wish to have the
elements less than or equal to the pivot toward
the left and those greater than or equal toward
theright.

CS210/SE202
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Quicksort

Given alist of elements,
—take a partitioning element
—and createa (sub)list
« such that all elementsto theleft of the
partitioning element arelessthan it,
« and all elementstotheright of it are
greater than it.
— Now repeat this partitioning effort on each
of these two sublist
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Quicksort

e And soonin arecursive manner until all the
sublists are empty, at which point the (total) list
issorted

« Partitioning can be effected simultaneously,
scanning left to right and right to left,
interchanging elementsin the wrong parts of
thelist

» Thepartitioning element is then placed
between theresultant sublists (which arethen
partitioned in the same manner)
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The Partition

dof
do{
i=i+1;
} while (a[i] < pivot & & (i < last));
do{
loc = loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))

} while (i < loc);

swap (a(first), a(loc))
}

Recursive Quicksort Algorithm

if first <last then
partition(afirst,last,loc)
quicksort(a,first,loc-1)
quicksort(a,loct+1,last)

The pivot can be any of thearray
elements, such asthe leftmost one.
Pivot = a[first]
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Divide and Conquer

¢ Quicksort isadivide and Conquer
Algorithm

¢ A divide-and-conquer algorithm isone
that dividesthe problem into smaller
problems upon which it performsthe
same process.
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Quicksort

0] o9]8li]4]e

sentinel
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Quicksort

—_—
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dof
do{
i=i+l;
} while (a[i] < pivot & & (i <last));
do{
loc = loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))
}

} while (i <loc);

swap (a(first), a(loc))
}

Quicksort

| |

dof
do{
i=i+1;
} while (a[i] < pivot & & (i < last));
do{
loc = loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))

} while (i < loc);

swap (a(first), a(loc))

Quicksort
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dof
do{
i=i+l;

} while (a[i] < pivot & & (i <last));

do{
loc = loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))
}

} while (i <loc);

swap (a(first), a(loc))
}

CS210/SE202 J
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Quicksort
dof
— ot
i=i+1;
} while (a[i] < pivot & & (i <last));
do{
loc = loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))
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} while (i < loc);

swap (a(first), a(loc))
}

Quicksort
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dof
do{
i=i+l;

} while (a[i] < pivot & & (i <last));

do{
loc = loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))
}

} while (i <loc);

swap (a(first), a(loc))
}

Quicksort

-4
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dof
do{
i=i+l;

do{
loc =loc-1;
} while (a[loc] > pivot);
if (i <loc){
swap (a(i), a(loc))

} while (i < loc);

swap (a(first), a(loc))
}

} while (ali] < pivot && (i < last));
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Quicksort

[ 4 o[ g]10 1] 09

Quicksort
4/ 9| 8|10 11| 99
f f
[ i
QS(A,14) QS(A 5,6)
L 1 L: 5
R 4 R: 6
i 1 i 5
j: 4 j: 6
pivot: 4 pivot: 11
Eaal;ms and Algorithms
Quicksort
QS(A,1,4)
t L1
.o R: 4
] i 12
i 4321
ivot: 4
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? T QS(A,1.4) QS(A,5,6)
|
: L: 1 L: 5
R: 4 R: 6
i i
: IB
CS210/SE202 pivot: 4 pivot: 11
Data Structures and Algorithms
Quicksort
4] 9l 8[10 1] e
Pt
joi
QS(A.1,4) QS(A5,6)
L: 1 L: 5
R: 4 R: 6
i 12 i: 5
i 4321 i: 6
pivot: 4 pivot: 11
;:;::t;aam Algorithms
Quicksort
EEEREE
tt
i
QS(A,2,4) QS(A,5,6)
L: 2 L: 5
R: 4 R: 6
i i 5
i i 6
pivot: 9 pivot: 11
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Quicksort

| 9| 810 11| oo

i j

QS(A,2,4) QS(A5,6)
L. 2 L: 5
R: 4 R: 6
[B 2 i 5
i 4 j: 6
pivot: 9 pivot: 11

CS210/SE202
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Quicksort

joi
QS(A,24) QS(A/5,6)
L: 2 L: 5
R: 4 R: 6
it 234 it 5
j: 43 IB 6
pivot: 9 pivot: 11
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Quicksort
lmmmnm
i
QS(A.2.3) QS(A.4.4) QS(A,5,6)
L: 2 L. 4 L: 5
R: 3 R: 4 R: 6
i 2 it i 5
i 3 fje j: 6
CS210/SE202 pivot: 8 pivot: 10 pivot: 11
Data Structures and ATGorT
Quicksort  [esazs
L: 2
R: 3
i: 23
j: 32
T T pivot: 8
i
CS210/SE202
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QS(A.2.3) QS(A4.4) QS(A 5.6)
L: 2 L: 4 L: 5
R: 3 R: 4 R: 6
i i it 5
IB j: j: 6
cs21005E202 | pivot: 8 pivot: 10 pivot: 11
Data [s]
Quicksort
| 8| 9[10/11] 00
t
joi
QS(A,2.3) QS(A4.4) QS(A5.6)
L: 2 L: 4 L: 5
R: 3 R: 4 R: 6
it 23 i it 5
j: 32 j: j: 6
CS210/SE202 pivot: 8 pivot: 10 pivot: 11
Data [s]
Quicksort
ERE
1
i
QS(A.4.4) QS(A 5.6)
L: 4 L: 5
R: 4 R: 6
i i 5
IB ffe 6
CS210/SE202 pivot: 10 pivot: 11
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QS(A 5,6)
H L: 5
Quicksort R 6
it 5
j: 6
fj | ECE hvr: 1
QS(A 5,5)
L: 5
R: 5
it
it
pivot: 11
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Quicksort

* Fastest known sorting algorithm

» Relieson recursion and relatively simple
to under stand
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Quicksort Algorithm

Quicksort(S)

* |f thenumber of elementsin SisO or 1, then
return

« Pick any element v in S. Thisiscalled the pivot.

* Partition S-{v} (theremaining elementsin S)
into digoint groups:
—L={x € S-{v} | x<=v} and R={x € S-{v} |

x>=v}

* Return theresult of Quicksort(L) followed by

v followed by Quicksort(R).
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Quicksort

* Thealgorithm allows any element to be used as
the pivot.

* Thepivot dividesthe array elementsinto two
groups
— elementsthat are smaller than the pivot
— elemntsthat arelarger than the pivot

» Some choicesfor the pivot are better than
others, so it isgood to make an educated choice
for the pivot.
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Quicksort

* Inthe partition step every element in S, except
the pivot, isplaced in either L (theleft part of
thearray) or in R (theright part of thearray).

— Elementsthat are smaller than thepivotgoto L

— Elementsthat are greater than the pivot go to R.

— Note: We need to take account of duplicate
elements.

* Thereason Quicksort isfaster than Mergesort is
than the partitioning step can be perfor med
significantly faster than the merging step.

— the partitioning step can be performed without
using an extra array.
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Picking the Pivot

* Thewrong way
— A popular, uniformed choiceisto usethefirst
element as pivot.
— If input ispresorted or in reverse order, thisisa
poor choice asthe pivot will be an extreme element
and the behaviour will continue recursively.

— Never usefirst element asthe pivot.
» A safechoicde
— aresonable choice isthe middle element

CS210/SE202
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M edian-of-three Partitioning

* Thisisan attempt to pick a better than average
pivot.

* Wetake a sample of three numbersand find
their median, thefirst, middleand last
elements.

—E.g.input: 8,1,4,9,6,3,5,2,7,0
— leftmost is 8, rightmost is0, middleis6
—Here6isthe pivot.
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A partitioning strategy

* Welook at asmple strategy for partitioning
and then at the advantages of median-of-three
partitioning

* First get the pivot out of theway by swapping it
with thelast element.

[8 ]1 [a]o Jo [3]5 |2 [7 [&H]
* Moveall small elementstotheleft part of the
array and all large elementsto theright part

—small and large arerelative to the pivot.
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Partitioning strategy

» Search from left to right looking for large
elements - we use a counter i, initialized to
position Low (leftmost element)

» Search from right to left looking for small
elements - weuse a counter j, initialized to
position High-1.

* Inthe example, elementswhich arenot known
to becorrectly placed are dark. Correctly
placed cellsare white
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* iinitially stopsat 8andj at 2

o [ fafsfo[s [5 o EN
i I
» By skipping 7, we know that it isnot smaller
than the pivot and sois correctly placed.

* Wenow swap thelarge element 8 on theleft of
thearray and the small element 2 on theright
to correctly place them.

__FNENCECNENEN [0

CS210/SE202
Data Structures and Algorithms

« ASthealgorithm continuesi stopsat 9and j
stopsat 5. elementsthat i and j skip are
guaranteed to be correctly placed.

" FMIAERCHENGN (W
! j

« elements9and 5 are then swapped.

[0 [3 ]
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 scan continueswith i stopping at 9 and j
stopping at 3. However i and j have crossed
positions so a swap would be useless. We can
seethat 3isalready correctly placed.

i
« All but two items are corrrectly placed, so swap
element in position i with last cell (the pivot).
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Keysequal to the pivot

* Werequirethat both i and j stop when they
encounter an element equal to the pivot.

* Thisavoidsawor st-case run-time for the
algorithm which isthe same asusing thefirst
element asthe pivot.

__FRENCECNENENENA

CS210/SE202
Data Structures and Algorithms

M edian-of-thr ee partitioning

» With median-of-three partitioning wedo a
simple optimisation that saves comparisons and
simiplifiesthe code.

* Theeasiest way to find the median of thefirst,
middle and last elementsisto sort them.

[8 [1[aof6 3]s ]2]7 o]
the original array

__FEENENCNENENENA

result of sorting (first, middle, last)
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M edian-of-thr ee partitioning
« theelement in thefirst position isguaranteed to
be smaller (or equal to) than the pivot

« theelement in thelast position isguaranteed to
be greater (or equal to) than the pivot. So,

— we should not swap the pivot with the last element.
Instead swap the pivot with the next to last element.

— Wecan gart i at Low+1and j at High-2.

— Weareguaranteed that when i searchesfor alarge
element it will stop asit at worst will encouter the
pivot

— Weareguaranteed that when j searchesfor a small
element it will stop asit at worst will encounter the
first element.
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Quicksort Algorithm

void Quicksort(int A[ ]. int Low, int High)
{
Il sort Low, Middle, High
int Middle = (Low + High )/ 2;
if (A[ Middle] <A[ Low])
Swap( Al Low ], A[ Middle ] );
if (A[High] <A[Low])
Swap( Al Low ], A[ High]);
if (A[ High] <A[ Middle])
Swap( Al Middle ], A[ High]);
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/IPlace pivot at Position High-1
int Pivot = A[ Middle ];
Swap( A[Middle] ,A{ High-1]);

//Begin Partitioning
inti, j;
for(i=Low,i=High-1;;)
{
while (A [ ++i ] < Pivot);
while (Pivot <A [-j]);
if (i<j)
Swap (A[i], A[il)
else
break;
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Swap( A[i], A[ High-11); //Restore Pivot

Quicksort( A, Low, i-1);  // Sort small elements
Quicksort( A, i+1, High); // Sort large elements

}

void Quicksort(int A[ ], int N)
{

Quicksort(A,0,N-1);
}
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